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AN ANALYTICAL APPROACH FOR DIAGNOSTICS OF PARAMETERS
ESTIMATION IN MANAGEMENT STRATEGY EVALUATION

Andrey Mikhaylov?!

SUMMARY

The problems of diagnostics of parameter estimation within the framework of management
strategy evaluation are discussed. The observations are generated by stochastic differential
equation. The dependence of the error distribution on the model parameters, noise level, and
duration of observation are investigated in general case. An example of an exactly solvable
model is built up.

RESUME

Le présent document aborde les problémes de diagnostic de I'estimation des paramétres dans
le cadre de I'évaluation de la stratégie de gestion. Les observations sont générées par une
équation différentielle stochastique. La dépendance de la distribution d'erreur dans les
parametres du modeéle, le niveau de bruit et la durée de I'observation sont étudiés dans le cas
général. Un exemple de modéle parfaitement résoluble est construit.

RESUMEN

Se discuten los problemas de diagnosticos de estimacion de los parametros en el marco de la
evaluacion de estrategias de ordenacion. Las observaciones se generan mediante una
ecuacion diferencial estocastica. La dependencia de la distribucion de error en los parametros
del modelo, el nivel de ruido y la duracion de la observacion se investigan en los casos
generales. Se construye un ejemplo de un modelo solucionable con precision.
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One of the most important problems in management strategy evaluation (MSE) is the diagnostics of parameters
estimation quality (Maunder, 2014). How much the parameter estimates deviate from their true values is a question.
In general case, the true values of the parameters are determined through the operating model (OM), which is used
as a simulation of reality. Parameter estimation and the following management procedure are evaluated using a
simpler assessment model (AM). Diagnostic results of assessment are based on computer simulations (Kell et al,
2007). In this paper, a mathematical theory will be investigated, which can predict some analytical properties of
simulations results. The foundation of this approach is that the model explicitly defines the way to estimate its
parameters. The model hereby is understood as a set of dynamic relations and hypotheses about the distribution of
random variables included in the model. Then, the estimates of the parameters will be, in its turn, a random
variable, and their distributions will be determined by the true values of the parameters and the noise distribution
of the model. This distribution will contain the information necessary to predict the results of computer simulation.

Consider the dynamic system described by the stochastic differential equation (1)
dy = f (t,y, x;0)dt + cdw 1)

where y=(y1,...,yn) is dependent dynamic variable of process,
f —a smooth function,
X=(X1,...,Xm) independent variable,
0=( 64,..., 84) vector of parameters,
o= diag(c1,..., on) diagonal matrix of covariations (standard deviation of noises),
dw =(dwx,..., dwy) vector of differentials of standard Brownian motions (Oksendal.2000).

Any stochastic differential equation can be reduced to the form (1) by means of the corresponding change of
variables. In this case, the noises of each components are independent, and their dispersions are constant.

(dw, (t,)dw, (t,)) = 8,53(t, —t,) @

Where <g> is the mathematical expectation of a variable or a function g.

Suppose that the observations are generated by equation (1). We are interested in how much the parameters
estimated from these observations will differ from the true values. Since the noise is Gaussian in the construction

of the model, the parameters estimation 6 isa minimum time-average square deviation

6=arg mein(dy— f(t,y,x;0)dt) (3)

Where § is time-average of a variable or a function g.

Equation (3) defines a random variable whose moments can be expressed in terms of the parameters of equation
(1). To do this, substitute (1) in (3)

0 =argmin((f (t,y,(0),x:0)— f (t, y, (0), x; 0) dt + ocw’ “)
Where y, is the solution of (1) with standard deviations of noises o.

An explicit equation for O can be obtained by differentiating (4)

®)

((f (t,y.(0),x:8)— f (t, y_(0), x;e))a% f(t,y.(0), x;@)j - 6((6% f(t,y.(0), x;@)jdw]

If 0=0, the estimate is accurate, and 6 =0. We will calculate the parameters estimations in the framework of
perturbation theory by o.
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Substituting (6) in (5), we find the expression for the first term of the series

6 _ (61‘ (t, ¥y, X;0) Of (t, Y, X;G)j_1 (8f (t, Yo, X; 9))dw ()
o 00 00 00

The expression (7) is linear by noises, and all coefficients depend on only deterministic solution of (1).
Mathematical expectation of first term is zero. Therefore, in first order by o, the estimate is unbiased

0 (8)
<6@>:o
oG
Now calculate the covariance matrix:
b, 0, A(Mjl(afaf]l of Yof ©
oo, GGB T\06 00 ), \ 00 00 i 00, )\ 09, op

The covariance matrix is inversely proportional to the observation time and is completely determined by the
derivative of the function f by the parameters/

To calculate (9) we use (10) as the result of (2)

1 (10)
(a(t)aw, (Db(z)dw, () ) = a(t)b(t)3,,, = (adw, bdw, ) = = abs,,
Where a and b are some integrable functions.
Using (5) and (6), we derive an equation for the second order of perturbation theory:
Lot of 00, of o°f oy, 00, 1af o'f a0, ()

200,00, 0c® 0, 90,0y dc O 2 0B, 90,08, do O

A2 Ay AF AD 2
L Of aycé‘fa@,-_(af aycdwj

00,0y 0c 00, dc | 80,0y o

The second order terms are expressed nonlinearly through the first order terms and the derivative y, by c. The time
dependence of this derivative can be found by using the equations in variations (Pontryagin, Lohwater, 1962)

t t ) (12)
Y ()= [exp| | @y X(:0) 4 lgwe,)
oo 0 5 oy
To calculate correlations, we need another consequence of (2)
(13)

<a(t)dw(t)tf b(r)dw(r)> = a()b®)O(t, —)O(t -1,)

Where O is Heaviside’s function.

Substituting (12) in (13), we find
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t

oy of (z, y(1), X(r);0)
<66(t2)dw(t1)>:expu t gy t dt]@(tz—tl)

(14)

Also, substituting (7) in (11), we find the expression for second term perturbation theory for parameters estimations

o0, (ot o VY[ 2t oy, ) o S oy fetetyter ] )
o’ 060 ), || 00,0y oo 20,, 90,,0y oo | 80 00 ),, 09,

oF of N of o°f (of of Y (of of \ T of . of
LU L AANED ) D gw T dw
06 00 ), 0, 6,00, 20 06 ), \ 90 00 ), 06, 08,

Using (14), we find the mathematical expectation of second term perturbation theory for parameters estimations

0%, _zafafj‘l o' J(Mj‘laf A T R
oo’ 0000) |\ 00,0y ) T\0606), 00 00,,0y5 30y )\ 26,
_ afafj‘laf o' (afafj‘ltafafj‘l of Y of

0000 ) 0, 06,00,,\00 90 ),y \ 90 90 (| 06, \ 06,

where round brackets denote summarization over the indices.

The second correction of the parameter’s estimation is not so trivial. The structure of this term is completely
determined by the behavior of the deterministic solution near the true value of the parameters. In other words, the
operating model determines the distribution of parameter errors. The use of assessment models is nothing more
than optimizing for a certain subset of parameters. Thus, the estimation error consists of the error of the operating
model and the deviation of the best estimation model from the true operating model. That is why the result of MSE
is predetermined rather by the properties of the models themselves and not so much by the data.

As an example, consider the simplest model of population dynamics — the Fox model (Fox, 1970)

dB = -rBIn(B/K)-gEB + cBdw (17)

Where B is the biomass of stock,
r the population growth rate,
K the environment capacity,
g — the catchability,
E the fishing effort

The equation (17) can be reduced to the following formula (18)

dy=—(9yy+exx)+ odw (18)

Where y =InCPUE —InCPUE
x=E—-E

InCPUE E - 19
InK:InCPUE—Inq+i(qE+InCPUE(T)T lnCPUE(O)) (19)

75



The equation (18) has an exact solution (20)
T T (20)
y(T) = y(0)exp(-0,t) -0, [ x(t) exp(-0, (T —t))dt + [ exp(-0, (T —t))dw = y, + oy,
0 0
The equation (5) for the error of the estimated parameters gets a simple form (21)
y? yx (86, _ (ydw (22)
I =o| ____
yx x> ) 86, xdw
Then the error of the estimated parameters is given by the expression (22)

80, 1 -y x| vdw @)
T (vl vy vl xaw
86,) Yo X —(YoxJ -yx y* Jxdw

(e}
TOZF - (W)z + ZG(yo y1F - poy1X)+ c’ (712? - (W)Z)

X2 =YX 0 —yxX 0 0 dw dw
—YoX Yo —YViX  2Y,Y, 0 2y, xdw 0
The first non-trivial term in the expectation of the error will be proportional to o2 :

80,)]_ o ( x —yoxj(mdw} [ 0 —yli(yode . ®
(86,) ) vo x> =(yox) ({=¥ox ¥, L 0 —ViX 2y,y, | xdw
N <yoylxz-yoxy1X>( ey E R
YOZ XZ - (yox)z y02 Xz - (yox)2 - yox y02 xdw
x2 Xy, xdw
—o? * [ly,aw)+o? Xy, xdw) _
—YoX 2(Y, Y, xdw) -y, xy,dw

o? (x —yox][<yodvvyoyl>x2—yox<yodwylx>}_
Vox)

o2 F - (YO - W y02 <W\/m>F - ﬁ<ﬁm>
t
— t -0, (t- d
(% )o Jx®exp(-0, (= D)x(rde )
Tl-yx) T

2[ yo (1) exp(=0, (t — 7)) x(r)dz - [ X(t) exp(-0, (t—1)) yo (r)cx

_GZ/T( X —YOXJ.
02)(2_(@)2 — YoX YOZ

X [ Yo () exp(-8, (t— 1) o ()dT— Yox [ x(t) exp(-8, (t 1)) Yo (1)

x2j Yo (t) exp(=0, (t— 1)) x(x)d - yoxj X(t) exp(-6, (t — 1)) x(z)dt

All of the coefficients in (23) are explicit functions of the true values of the parameters.

The covariance matrix of the first order is also computed explicitly.
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(s0,0) (80,80,)) & [( x _W]KWJTZ ) &9
(50,80,)  (30,7) | (v 2% —(yoxf f \\\=¥ox 5" N xdw -
T g7 = (roxf Lo " Ayx 5 R=yox e

1< (x —yox]
Ty X2 =(Yoxf (= Yo %o

The obtained formula describes the dependence of the accuracy of the estimate on the process error, the duration

of observation, and the dynamics of the independent variables.
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