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SUMMARY

A procedure of calibrating virtual population analysis estimates of
stock sizes developed from age specific catches to observed indices of
abundance 1is described and demonstrated in application., The procedure
allows separate appraisal of each individual index of abundance and de~-
velops least squares estimates of stock sizes and fishing mortallties. The
wmethod is applicable if one or more abundance indices exist that were mot

sampled for age composition and that may overlap In the years or ages

encompassed.

RESUME

Une méthode de calibrage aux indices d'abondanée observés des estima-
tions de la taille du stock par l1'analyse des populations wvirtuelles,
€laborées 3 partir de prises spécifiques de 1'4ge, est dBcrite et son
application 1llustrée. La méthode permet une &valuation individuelle de
chaque 1ndice d'abondance, et &labore des estimations par les moindres
carrés de la taille du stock et de la mortalité par p8che. Elle est ap~
plicable s'1l existe un ou plusieurs indices d'abondance qul n'ont pas Et&
Echantillonnés quant 4 la composition d&mographique, et qui pourralent se

recouper pour les années ou 4ges compris.
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RFSINMEN

Se describe y demuestra pri3cticamente un procedimiento para calibrar
estimaciones de tamafios de pohlacibn, hechas por el método de VPA, de-
sarrolladas a partir de capturas por edad hasta obtener Indices observados
de abundancia. Fste procedimiento pernite una evaluacibn separada de cada
uno de los indices de abundancia v desarrollar estimaciones de los tamafios
de poblacibdn y mortalidades por pesca por minimos cuadrados. Fl método es
aplicable si hay uno o mas iIndices de abundancia cue no han sido muestrea-
dos por composicifn demogrdfica, y que pudiesen solaparse en los afios y

edades considerados.



INTRODUCTYON

It is well known that although virtual population analysis (VPA) calcula-
ticns of stocksize (see Derzhavin 1922, Fry 1649, Gulland 1965, Murphy 1965) are
indicative of relative abundance trends, they are often very biased estimates of
abundance magnitudes. Thils calculation sequence (See Appendix 1) tranaforms an
age-year matrix of catch into two like matrices, one of abundance and one of
fishing mortality rates, given two assumptions: 1) an age-year natural mor=-
tality rate matrix and 2) an age specific fishing mortality rate vector with one
element for each cohort in the catch matrix. It is recognized that unless the
catch matrix i3 derived from actual dlrect observations of age, results may be
very biased (Rosenberry and Beddington 1985, Sainsbury 1980). Likewise,
unrealistic assumptions as to natural mortalitles can result in biased results
(Jonea 1981)., It is commonly known, however, that the assumption regarding the
fishing mortality vector 1s critical. Rather small changes in the levels of its
elements can lmpact VPA estimates of stock magnitude substantially. Results are
30 sensitive to these levels in some cases that unless very accurate estimates
of F exist for each cohort, often calculations of abundance magnitudes are too

biased to be of use.

In recent years several attempts have been made to overcome this limitation
by combining VPA techniques with catch-per-unit effort (CPUE) indices or other
observations indices of stock abundance {Gray 1977, Paloheimo 1980, Doubleday
1981, Anowm. 1983}, The underlying concept of these techniques i3 that of the
infinite number of posaible population abundance and corresponding fishing mor-
tality trajectories defined by a cateh matrix, the correct one is that which

matches an accurate abundance index, The rationale involved is that the catch
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matrix 1s the single most complete, comprehensive, and accurate information that
exists on the trajectory of the resource and the exploitation of it through
time; it is the ®ground truth® data. The working assumption i{s that if both the
temporal trend (i.e., trajectory) in the observed abundance index (CPUE) and in
a particular VPA stock abundance matrix are the same, then the VPA trajectory is
reasonably correct. Although visual graphic methods have been used in the past,
a mathematical techniqus that can be used to actually make the selection on a
objective quantitative bases is least squares. Most investigations thus far
have dealt with situations where age specific abundance indices were available
(See ICES 1983 ror a synopsis). This manuscript is concerned with the common
situation where the age structure of the annual CPUE (or other index of
abundance) was not regularly sampled so age specific CPUE is unavailable, CPUE
is only one of many kinds of abundance indices, howsver, since it 1s.tha most
common one, the term CPUE" {s used interchangeably with "abundance index" in

this manuseript.

This study, thus, develops a least squares system for calibrating VPA esti-
mates of stock size and fishing mortality trajectories to observed indices of

abundance in situations where the age structure of the indices is unsampled.,
METHOD

Conaider the event where, in addition to an accurats year by age catch
matrix there exists one or more CPUE or other abundance index seta that were not
regularly sampled for age composition. Age specific indices of abundance there-

fore are not avallable, rather general knowledge as to the sizes and thus ages



most likely encompassed In each index set 1s all that is available., A general
procedure, then, to calibrate (adjust) VPA abundance calculations to the abun-
dance indices 1s to minimize the squared difference between the observed
abundance and that calculated by VPA, Symbolicaly let k index the K different
indices of abundance, j index age, and i index years. The leasi squares proce-

dure 1s to minimize.

K I2(k) J2{x). b(k)
s§=3% % X (x, 1) =qx) £ T N1, 32
k=1 1-I1(k) 3=J1(k)

with respect to FF, M, a(k) and b{(k) where k = 1 to K. Here I1(k) and I2(k) are
the first and last year where abundance index set k is available, X(k,i) is the
observed magnitude of abundance set k at the beginning of year 1, J1(k) and

J2(k) are the youngest and oldest age represented in abundance index set k, q(k)
and b(k) are an equation parameters unique to abundance index set k, and N(i,J)

is the VPA calculation of stock size at the beginning of year 1 for age J.

In cages where the abundance Index is in terms of weight such as yisld-per-
unit-effort, the right hand term of the sum of squares expression becomes
a(x) [z N, (5 3Jo0k)

where w(J) refers to the average welght at age J on the first of the year.
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The left hand side of the sum of squares (SS) expression is thus the observed

abundance index and the right hand side the index predicted by the model.

Recall that the magnitudes of the N(i,j) are a function of catches, natural
mortality and the vector of the age-specific fishing mortality rates that apply
at the starting point of VPA calculations for each cohort, The catch matrix is
considered to be accurately known. WNatural mortality is assumed constant over
ages and years'to facilitate explanation. The vector of F's are deterumined in
two ways, Let Y = a single designated year where a defined fishing pattern is
imposed the last year of catch data, FF = the maximum of age specific fishing
mortalities in year Y, and P(J) = a fishing pattern constant for age j
In year ¥ sﬁbh that :

F(Y,3) = FF#P(J).
This defines an age~specific F for each cohort caught in year Y as required to
generate the N(i,jJ) for those cohorts. For cohorts represented in the catch
and not caught in year Y, the average F over cohorts where caleculations are pre-
sent from the above method for the year that the cohort was last caught may be
uged,

The left hand term (in the sums of squares expression) is thus the observed
abundance level and the right hand term the estimated level from the model.
Least squares solutlons for M, FF, the q(k) and the b(k) may be found thus pro=~
viding estimates of the F(1,3) and N(1,3). The (independent) variables

required to develop the least squares solutions are the matrix of catch, the



P(3), and the X(k,i). The solution for FF and M is iterative dues to the non-
linear nature of the VAP equations, and solutions for the q{k) and b(X) are ana-

lytical (unless an additive error is assumed and b{k) is not assumed to be equal

to one).

The parameters q(k) and b(k) define the form of the relation between the
observed abundance index and stock size projected by the model. For instance,
if b{k) is fixed at unity for abundance index CPUE set k, then the relation bet-
ween observed and estimated CPUE 1s a straight line through the origin. If that

parameter is nct fixed, then the relation between the two may take on any of the

general shapes b:low as determined by least squares {(below), Of these,

some are clearly inappropriate, some meaningless, and some quite useful. Cook
and Beddingtoen (1985) point out that if the logistics of flshing and the
stockastic nature of fishery is considered, the parameter b can be greater than
zerc and less than unity. This implles that rather 1arg; decreases 1n stock .
abundance will not cause a pronounced decrease in CPUE until stock levels are
quite low. The usual model, C = qfN, implies that b = 1 so that stock slze and
CPUz are proportional. If b = 0 then the CPUE index and abundance are indepen-
dent. Likewise, values of b less than zero indicate that the CPUE set does not

index abundance in any useful way. If b » 1 then the CPUE set is very sensitive

to stock size changes, a very desirables trait.
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For each cohort in the catch matrix, the starting point calculation must be
determined that is applicable to the particular cohort. The parameter vectors
(¥ and F) for the cohort are determined by the starting point calculation. 1In
this regard, a cohort may fall into one of three categories or "cases",
Parameter vectors are caleculated either directly by least squares or indirectly
from least squares estimates made previously. The first two cases are used for
cohorts encompassed in one or more of the indices of abundance; these determine
the magnitude of the sum of squares. In the below description of each gase

)
symbols are as before except that 1 is used to index cchorts so that 1= 1-3
’

i.e, the cohort index is the year minus the age,

Case 1. Cohort 1 occurs in the X (i.e. abundance indices), was caught in year
Y, and P(Y-1) is set greater than zerc, The starting point calculation {s:

F(Y, Y-1) = FF¥p(yY-1)
Case 2. Cohort 1 occurs in the X but was not caught in year Y, {or equivalently
if 1t was caught in year Y, then P(Y-1) was set equal to zero). Averages are
used to determine the starting point caleulation. The starting point calcula-~
tlon 1s in year 1-J(1) at age J(1) where J(1) refers to the oldest age in the
catch of cohort 1. A simple average F is employed as follows:

m2
F(1+J(1), J(1)) = 3
J=m1

F(1-3,3)/n

Although 1t is probably less desirable (see Anon 1983}, an average weighted by

stock-slze may also be used, This is the average of all F's over a defined



bracket of ages, ml to m2, during the year the cohort was lasﬁ caught. 1If case
1 calculations are made first and then calculations for the remaining cohorts
are sequentlally made in decreasing order of the cohort index, a sufficient
number of F's will exist in each year to compute these averages; in fact it is

usually calculated over all fully recruited ages except the oldest one,

Czse 3. Cobort 1 does not occur in any of the abundance indices and was last

caught at age ml1 or older. Such cohorts are outside the minimization system so
they do not effect the sum of squares but their parameter vectors can be calcu-
lated by averaging F's estimated by least squares. Caleulation is that descri-

bed for Case 2.

The sequence of events then, is to determine the calculaéion method for each
cohort, determine the minimum sum of squares and resulting population parameters
over Case 1, and 2 cohorts, éﬁd then calculate the trajectorles for case 3
cohorts if they are of interest. It is Ilnteresting that any number of CPUE sets
may be used simultaneously and that any number of these may'éverlap in regards
to the span of years or of ages encompassed. If<;he system becomes 'undetermined
inadvertently, multi-minima will become obvious in the results. This, of
course, is easily avoided by insuring that the number of parameters being esti-

mated does not exceed the number of differences entering the sum of squares.

'

APPLICATION

When zpplying this methodology, the procedure is to first fit each available
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CPUE set to the catch matrix separately in isolation from all other sets, and
closely inspect the results, FEach CPUE set can be rejected or accepted as a
useful indiecator of stock abundance in this manner by appraising the sum of

squares surface, residual plot, and results of regression.

Sum of Squares response Surface. This is visually appraised from a plot of
the sum of squares surface on FF (vertical axls) and the loss rate due to other
causes (ie M, horizonal axis)., The resulting isopleth should exhibit a single
definite and sharp minima over a reasonable range of FF and M, If the minima

oceurs outside of this bound then the catch matrix or CPUE set is in question.

Residuals. A scatter plot of the observed abundance {CPUE) minus that pre-
dicted by the model must be examined in the usual way. Improper model selec-
tion, temporal changes in‘the CPUE and stocksize relation, excessive "noise" in
the CPUE and other problems will be reflected in such plots. It is important to
note that if M is fixed, rather then estimated by least squares, inaccurate

levels of M will result in'a temporal trend in residuals.

Residual Mean Square. This statistic (RMS) is the best ecriteria for
choosing between the conventional CPUE~-stocksize relation (CPUE = gN) or the
power function (CPUE = qNb)r If the latter is used and the estimate of be is
near one then the results are nearly the same, however, this does not often
occur go the choice must be made as to whether to estimate the additional para-

meter (b) or-restrict it to unity (conventlional model). If the RMS is not



decreased appreciably by estimating the additional parameter, then there is no

justification for doing so.

Regression Results. Often, a simple scatter plot of estimated atocksize on

observed CFUE is most informative when considered with the parameters of the
model. TIn the case where the conventional model 1s used (b=1), poiats =ill
hopefully appear clustered about a straight line through the origin. 1I7 the
power model is imposed (b estimated) the plot must be eonsidered in coniunction
with the estimate of b, As shown in the method section, the estimate of the
‘parameter b reveals a great deal about the CPUE set:

1) If b ¢ 0.0 the CPUE set is useless.

2) Ifrb ¥ 1.0 the CPUE is a §ensitive inéex of stock abundance,

3) If b = 1 the CPUE is proportional tc abundance with sensitivity deter~-

mined by the remaining parameter ().
4) If 0,0 € b £ 1.0 the CPUE is insensitive to abundance unless atugdance

is at very low levels. -

Another very informative statistic of the regression is the signifibamce level

for they hypothesis that the correlation () between observed CPUE @nd estimated

stock abundance is greater than zero, i.e. Pr [ # 3 0.0}, This stat{stic provi-

des a very powerful tool for accepting or rejecting a particular CRGE set.

In order to test the CPUE sets (as outlined above) the P (vectos) mist be

established. The fishing pattern year (Y) is best set equal to the las: year
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in the CPUE set. An identity (unit) vector may be used for P in these trials by
defining the CPUE set te'pertain only to ages where the regression parameters (q
and b) may be assumed reasonably constant over those ages {such as ages fully

precruited into the CPUE set in question).

AfCer the list of useful CPUE sets i1s established, further investigation can
occur. Here, éll CPUE sebs judged indicative of stock abundance may be
entered into thg estimation.procedure for further analysis with the final goal
of finding population trajectories (age-year specific F's and ¥'s) that explain
observations of cateh and CPUE. Since this is basically a VPA system, starting
point calcuiations should be made at the last year of catch (see Jones 1981,
Pope 1972, Ultang 1977) to reduce the error or estimation and eliminate forward
projections of stocksizes smaller than observed catches. The variable Y {is
therefore the last year of catch; hopefully that is also the last year of CPUE
but that is not necesary. Next, the P vector must be considered. The conven-
tional theory that fish recruit gradually as they age until they become fully
recruited is based upon cateh curve analysis of numerous fisheries, notably the
North Sea place trawl fishery (Beverton and Holt 1957) although numerous other
examples exist. If this assumption of the P(J) increasing with age until a
maximum is reached holds, then establishing a reasonable P vector is simplified,
however, it is not necessary to enforce this idea, The vector may be
established by Independent estimation, by "tunning", or a combination of two.
This ia accomplishéa by first using a unit vector, then changing the vector
repeatedly and observing the magnitude of the resulting RMS {or sum of aquares)

until the result is judsged sacisfactbry.



AN EXAMPLE
J2(1) = 12; P(8) through P(12) = 1.0; Y = 1957). The regression of estimated
The data of Martin and Fry (1973) presented by Poloheimo (1980) is used to

« stocksize on CPUE was first assumed linear through the origin, i.e, b = 1 thus
demonstrate a simple application. These data are the catceh at age for the Lake

. CPUE gN'. The resulting sum of squares (SS) surface was continuous with a
Opeongo lake trout fishery for 1936-57, The natural mortality rate was esti-

‘ single definite minima at M = 0.53 and FF = 0.5930 (in 1957) and the correlation
mated by Fry from mark-recapture data to be 0,385, The catch table (below)

between estimated abundance and CPUE high (0.88, Pr {03 0] > .9999), Although
indicates recruitment was complete by age eight, Catches of fish older than age

. an uneveness is indicated in the plot, the distribution of residuals is accep-
12 were not employed as determined by Paloheimo. The ratio of total annual

table. (See figure 1), Reanalysls with the exponent parameter b estimated by
cateh to hundreds of boat hours (CPUE) were used as an index of abundance.

least squares rather than set equal to one (CPUE = aND) changed the RMS very

Numbers caught at age little. (The least squares solution for M was the same and the solution for b
Year Effort 5 6 1 8 -9 o 1 2 ‘
1936 20 128 233 A7k 655 478 260 118 57 was 1.1, very mear unify). Therefore, there was no Justification for estimating
1937 22 34 198 650 1,025 555 176 38 4 .
1938 17 127 275  b20 439 295 90 3 4 the additional parameter in this case hence the conventional CPUE stocksize
1939 13 116 221 321 393 - 223 90 u7 24 .
1940 11 82 224 434 364 120 u6 14 6 model (CPUE = aN) was appropriate.
1941 ih! 14y 274 235 200 104 22 1 1" .
1942 5 46 W7 217 121 53 28 8 9
1943 7 k2 121 272 211 133 42 0 24 These results are very similar to those of Paleheimo's (1980) cohort analy-
1944 . 9 84 114 197 202 198 93 4 31
1945 13 32 69 170 352 273 159 8y 37 : sis methods for the same assumptions {(below). These calculations assumed the
1946 17 78 116 240 325 217 93 47 26 - :
1947 12 55 85 217 221 153 76 18 12 conventional CPUE stocksize model and considered ages 8-12 only,
1948 15 47 122 3N 315 303 8 47 32
1949 17 131 254 332 350 149 61 66 22
1950 25 179 286  M29 297 184 68 48 27
1951 24 72193 348 401 261 117 45 38
1952 16 53 99 320 oy 194 91 50 15 ) -This Ms - Paloheimo 1980
1953 19 45 83 124 244 293 150 53 38 N T
1954 40 48 128 300 373 359 187 73 29 F (1957) .5920 L5841
1955 22 134 194 273 277 178 107 43 8 : M .5300 : .5500
1956 32 149 239 257 232 121 101 - 10 21 . q .00016 .00017
1957 33 188 370 431 340 238 127 51 a )

First, the CPUE was appraised. JAge eight fish were fully recrulted hence “The investigation of the CPUE thus showed an acceptable sum of squares sur-

the CPUE was assumed to Index ages B+ with equal ability (i.e. J1(1) = 8 and face and distribution of residuals, a very high probability that CPUE and esti-

mated stocksize are positively correlated, and that the conventional CPUE
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stocksize model was best., The CPUE was therefore Judged to be an acceptable
measure of abundance hence the investigation was continued to established least
squares estimates of annual stocksizes and fishing mortalities. Since age 5-7
fish were but partially recruited, the CPUE stocksize relation was suspected to
be different than for older fish. This idea was accomodated by redefining the
same CPUE set as pertaining to ages 5-7, (i.e. J1(k) = 5, J2(k) = 7T) thus, two
CPUE sets entered the system; ages 5-7, 1936-57 and age 8+, 1936-57. Then an
acceptable pattern developed by "tunning®. For purpcse of demonstration, only
ten P vectors were tried during tunning with the below result. These results

tndicate that although the least squares solutiouns for full F in 1957 and M are

P at age
Trial 5 6 1 8 9 10+ ss M F(1957)
1 1.00 1.00 1,00 1.00 1.00 1,00 1.0775 .53 L4990
2 0.03 0.10  0.40 0.70 0.95 1.00 8791 .52 .9137
3 0.05 0.10 0,50 0.80 1.00 1.00 . .8918 .52 .7967
b 0.05 0.10  0.50 1,00 1.00 1.00 . L9014 52,7849
5 0.01 0.10  0.80 1,00 1.00 1.00  1.0301 .50 11,8874
6 0.05 0.25 0.65 1.00 1.00 1.00 .8608 .53 .51401
7 0.05 0.25 0.75 1.00 1.00 1.00 .8669 .53 .5342
8 0.50 0.30 0.60 1.00 1.00 1.00 .8973 .53 .5059
9 0.10 0.25 0.65 1.00 1.00 1.00 .8965 .53 .5125
10 0.05 0,30 0.65 1.00 1.00 1.00 L8619 .53 5277

somewhat insensitive to the 1957 fishing pattern, "tunning® the fishing pattern

reduced the sum of squares significantly, 20 percent. The sum of squares
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surface exhibits a single‘definite minima. The residuals’fgr both CPUE sets
(i.e., for ages B+ and for 5-7) are acceptably dispersed (figure 2) and the
correlation between estimated stocksize and CPUE high in both cases

(Pr {#3 0] 5 .9999). The corresponding caleculations of fishing mortalities and

stocksizes therefore seem a reasonable explanation for these observations.
DISCUSSION

This procedure is a useful investigative tool as shown in the example above.
Likewise, it has been used elsewhere with the same favorable results. Its most
useful quality is that it will not allow the investigator to employ an unsup-
ported assumption unlmowingly; statistical results clearly indicate problem
areas, Areas which often are exposed include abundance indices that are too
"noisy" to be useful or that do not reflect stock trajectoriea that can be
explained from the known catch, unsupported catchability assumptions,
questionable estimates of M, questionable estimates of exploitation levels,
unrealistic partial F (fishing pattern) vectors, ete. A serious limitation of
the method 1s that it does not, by itself, produce the "answer™, rather it does
verify with reasonable certainty if a particular hypothesised solution is sup~
ported by the data. However, at least in some cases, it can provide a criteria
fﬁr choosing a particular sclution as the best of a defined set.

As demonstrated, the method produced the same results for the Lake Opeongo
lake trout data as the method of Paloheimo under the same assumptions, This
method, hqwever, does not require fishing effort por does it require age speci-

fic CPUE as most others do (See Anom. 1983). This least squares technique 1is



applicable in cases where several dissimilar abundance Iindices of unknown annual
age composition exist that may overlap in the years and/or ages encompassed, In
addition, this technique provides a separate appraisal of each individual index
of abundance, in isolation of all others, including criteria for accepting or

rejecting the index as an accurate monitor of stocksize. Th?s appraisal provi-

des an extremely powerful analysils toocl.

Although not demonstrated, the technique does not require M nor CPUE ahd
stocksize relatlons be constant over years and/or ages. A single CPUE series
may be redefined as applicable to different ages such as ane_ for fully reecruited
fish and one for pre-recruits. In such a case two different CPUE and stocksize
relations would be estimated, one for pre-recruits and one for full recruits.

In addition, if the residual analysis or the regression results ihdicate that
the relation between CPUE and stocksize changed or became more variable from one
time period to another, the-CPUE series may be divided to accomodate the
problem. In addition, M may be defined differently between fime periods or an
age depsndent model may be established and its parameters estimated by least

squares., If these adjustments are attempted, however, caution should be taken

to carefully compare the resulting RMS to avoid over parameterization.

This manuscript did not encompass the results of a study of estimator per-

formance. The sensitivikty of the method to stochastic attributes of the data is

therefore not yet demonstrated. It is beyond doubt that such a study would not

only be inforuwative but 1s acutely needed,
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FORTRAN 77 source is available upon request., This software was, however
1

written for a virtual memory machine with large word sizé (48 bytes) hence
¥

modifications may be required to Install it on a smaller machine. The methodo~

logy itself is rather simple so that computerization requires aptly exploiting
the capabilities of the available machine rather than programming sophisticated

mathematical techniques,
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Appendix. VPA Caleculations

If it is assumed that the rate of change in numbers of a year class is pro-

portional to abundance (ie dy(Ny) = ZNt) then the reduction dn numbers (N) due

to catches (C) and all other unobserved causes is constant through time (t) with
the two sources of loss (ie observed catch and all other causes) addative

(Z=F+M). This assumption implies:

"Zt
(1) Ngyq = Nee
Z¢
thus (2) Ny = Nggqe
and also that
: -1 -7y
3) Ct = FyNpApZy where Ay = 1 e Substituting (2) in (3) gives
Zy -1

(4) Cp = FeNpgre ApZg

The standard method developed from the ideas of Murphy (1965) and Gulland
(1965), is to independently establish F during the last year of catch for the

cohort (starting F), and the loss rate due to unobserved causes (M), and then
b

calceulate ¥ and N at each age in the life of the cohort beginning in the last
year and proceeding back through time to the earliest year of interest as

follows:

Step 1) let t = the last year of recorded catches of the cohort and solve
equation (3) for My. (If, however, Cy refers to catches not only
in year t but instead to the sum of catches in year t and all sub-
sequent years, then Ny = NyAg.)

Step 2) Let tzt-1. .

Step 3) If t is less than the age the cohort first appeared in eatches (or

a previous age of Interest) stop, otherwise proceed.,



Step 4) Soive equation (4) for Fy

Step 5) Solve equation (2) for Ny. Go to Step 2.

Notice that equation (%) offers no closed solution for Fy hence iterative
wethods are required. Pope {1972), concerned with the absence of a closed solu~

tion developed an approximation that is within 4% for 0.04M40.3 and 0.0<F{1.2,

and referred to it as "conort analysis”.

If catches are lnstantaneous at midyear rather than continuous then the equation

-.5M =54
(5) N = (Npe - Cple

holds which, upon rearrangement is

M .5M
(6) Ng = Ngypte + Cye

Rearrangement of (1) gives

F -M -1
(7) e = Nee  (Ngoy)

Substituting the expression for Ny from equation (6) gives the approximation

proposed by Pope: - -
~-.5M -1

(8) F = 1n [ 1+Ce (Mee1) ]

This approximation maybe employed rather then equation (4) and the same

steps used.
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Figure 1(b). Regression results using a single CPUE set for
fully recruited fish,
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Figure 2(b). Regression results for the age ¢-7 CPUE.

RESIDUALS  (OBS.CPUE -EST.CPUE)
x
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Figure 2(c). Regression results for the age 8+ CPUE.
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